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INTRODUCTION 
W. Vasconcelos [7] calls a commutative ring R almost hereditary if it is a 
reduced ring (that is, it has no nonzero nilpotent elements) in which every 
ideal not contained in any minimal prime ideal is projective [7, p. 2701, and 
he proves some properties of such an R [7, Section 11. The purpose of the 
present paper is to study an almost hereditary ring in a noncommutative case. 
By using the sheaf technique ([2] and [6]) some properties of a commutative 
almost hereditary ring proved in [7] can be generalized to a noncommutative 
case. Moreover, the center of an almost hereditary ring is shown to be an 
x,,-Krull p.p. ring [2, p. 2271. Furthermore, by a theorem of G. Bergman, it 
is proved that a commutative ring is an almost hereditary ring if and only if it 
is an x,-hereditary ring. This extends Theorem 1.2 (1) in [7]. 
Throughout, let R be a ring with identity 1. Then R is called a right (left) 
almost hereditary ring if it is a reduced ring in which every right (left) ideal 
not contained in any minimal prime ideal is projective. The center of R is 
denoted by C, the Boolean algebra of the set of all central idempotents of R 
by B(R) and the set of all prime ideals in B(R) with the hull-kernel topology by 
Spec B(R). We note that Spec B(R) has a system of base {U,/x E U, if 
(1 - e) E x} and is a totally disconnected, compact Hausdorf? topological 
space. A sheaf (Pierce) is defined over Spec B(R) whose stalks are R/xR for 
all x in SpecB(R) and R is isomorphic with the global sections of this sheaf [6]. 
1. NONCOMMUTATIVE ALMOST HEREDITARY RINGS 
In this section, we shall generalize some properties of a commutative almost 
hereditary ring to a noncommutative case. First, let us recall that an ideal 
P of R is called prime if R/P is a prime ring and P is called completely prime 
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if RIP does not contain zero divisors. If R is a reduced ring then any minimal 
prime ideal is a completely prime ideal [5, Theorem 2.41. Let P be a prime 
ideal of a reduced ring R and denote the set, {Y E R/there is an s 4 P with 
rs = 0} by 0, . We have 0, C P, and 0, = P if and only if P is a minimal 
prime ideal [5, Theorem 2.41. Also, we shall use the following facts for a 
reduced ring R very often: 
(1) Denote the set of all right zero divisors of an element r in R by 
A(r). Then A(r) is the set of left zero divisors. 
(2) If ab = 0 for a, b in R, then ba = 0 and aRb = 0. 
THEOREM 1.1. IfR is a right almost hereditary ring then it is a right p.p. 
ring (that is, every principal right ideal of R is projective). 
Proof. Let a be a nonzero element of R and let A(a) be the set of all right 
(hence left) zero divisors of a. We claim that uR n A(a) = (0). In fact, let 
(ar) # 0 in A(a) for an r in R. Then u(ar) = 0 and hence ar(ur) = 0 by the 
above remark on a reduced ring. Thus (ar)” = 0 which is impossible. Now 
denote the right ideal (uR + A(a)) by J. / = uR @ A(a). Next we show that 
J is not contained in any minimal prime ideal of R. Suppose J C P for a 
minimal prime ideal P. Since 0, = P, a E 0, implies that A(a) is not contained 
in P. This is impossible. But then / is projective by hypothesis. Therefore 
alp is projective. 
A similar argument can prove that a left (two sided) almost hereditary ring 
is a left (two sided) p.p. ring. 
R. Pierce [6] calls an ideal I of R regular if I = (In B(R))R. We shall 
show that every minimal prime ideal of the center C of R is regular. In addi- 
tion, if A(a) is equal to A(e) for an e E B(R), then every minimal prime ideal I 
of R is equal to (I n C)R and hence I is regular. 
COROLLARY 1.2. If R is a right almost hereditary ring then 
(1) C is a p.p. ring, and 
(2) every minimal prime ideal of C is regular. 
Proof. By the theorem, R is a right p.p. ring, so part (1) is a consequence of 
Corollary 8.2 in [2]. For part (2), let Q b e a minimal prime ideal of C. Then 
Q n B(R) = x is an element of Spec B(R). Since C is a p.p. ring, C/XC is an 
integral domain [2, Lemma 3.11 and hence XC is a prime ideal contained in Q. 
Thus the minimality of the prime ideal Q in C implies XC = Q = 
(Q n WW 
From theorem 1.1 any right almost hereditary ring is a right p.p. ring, so 
A(a) = A(e) for an idempotent e. In particular, when a is in C, so is e [2, 
Theorem 8.11. 
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COROLLARY 1.3. If R is a right almost hereditary ring in which for each 
a in R there is an e in B(R) such that A(a) = A(e), then every minimal prime 
ideal P of R is regular. Consequently, (P r\ C)R = P. 
Proof. Let a be an element in R. Since R is a right p.p. ring A(a) = A(e) 
for an idempotent e. Then 
a = a . 1 = a(e + 1 - e) = ae + a(1 - e) = ae because (1 - e) E A(a). 
Now P is a minimal prime with a E P, so 0, = P; and so there is an b $ P 
such that ab = 0. Hence b E A(a) = A(e). We then have eb = 0 in P. 
Again, since P is a minimal prime ideal, it is a completely prime ideal. Thus 
b 6 P implies e E P. By hypothesis, e E B(R), so e E P n B(R). Therefore 
a = ea E (P n B(R))R. This proves P = (P n B(R))R. Consequently, 
P = (P n C)R because (P n C)R 3 (P n B(R))R = P. 
COROLLARY 1.4. By keeping the hypothesis of Corollary 1.3, RIxR is 
a noncommutative integral domain (with no zero divisors) for each x in Spec B(R). 
Proof. It is immediate from Cor. 1.3. 
2. THE CENTERS OF AN ALMOST HEREDITARY RING 
Denote the support of an ideal J of R by Sup (J); that is, Sup (J) = 
{x E Spec B(R)/J/xJ # O,}. In this section, we shall show that the ideal J of 
the form IR for an ideal I of C is finitely generated and projective in case 
Sup (1) is both open and closed in Spec B(R). Then, the center C of R is 
shown to be an x0-Krull p.p. ring [2, p. 2271. Furthermore, it is proved that 
a commutative ring is almost hereditary if and only if it is an X,-hereditary 
ring. This generalizes Theorem 1.2 (1) in [7]. Here let us recall the definition 
of a Krull p.p. ring. Let C be a commutative p.p. ring and C(V) its von- 
Neumann regular ring of fractions. Then C is called a Krull domain if the 
following condition is satisfied: (*) C is completely integrally closed in 
C(S-l), and the class of integral divisorial ideals of C has ascending 
chain condition [2, Proposition 6.2 (l)]. If C is a commutative p.p. ring which 
satisfies the above condition (*) and if B(C) is a-hereditary for some infinite 
cardinal 01, then C is called an c+Krull p.p. ring [2, p. 2271. 
R is assumed a right almost hereditary ring with center C. 
THEOREM 2.1. Let I be an ideal of C with open and closed support. Then the 
right ideal (IR) of R is $nitely generated and projective as R-module. 
Proof. Since R is a right almost hereditary ring, C is a p.p. ring by 
Corollary 1.2, and hence C/XC is an integral domain for each x in Spec B(R) 
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[2, Lemma 3.11. By hypothesis, Sup (I) is open and closed, so there is an e in 
B(R) such that Sup (I) = U, ; and so there is an element a in I such that 
a, # 0, for each x in U, . But then Sup ((u + (1 - e))C) = Spec B(R) and 
u + (1 - e) is not a zero divisor (for C/XC is an integral domain for each x). 
Thus the ideal (I + (1 - e)C) (= I @ (1 - e)C) containing a faithful ideal 
(0 + (1 - w g enerated by a + (1 - e). On the other hand, since R is a 
right p.p. ring, (a + (1 - e)) is also a nonzero-divisor in R [2, Corollary 
8.21. Then, using the fact that 0, = P for a prime ideal P of R if and only if 
P is a minimal prime ideal, we conclude that (a + (I - e)) is not in any 
minimal prime ideal of R. Therefore (I @ (1 - e)C)R is projective by 
hypothesis. Consequently, (I @ (1 - e)C)R is a finitely generated and 
projective and a generator of the category of right R-modules because it 
contains a finitely generated C-module (a + (1 - e))C being faithful in R, 
[4, Lemma 5.11. This implies that (IR) . IS a finitely generated and projective 
right R-module. 
From the proof of the above theorem, we have 
COROLLARY 2.2. If an ideal I of C is not contained in any minimal prime 
ideal of C, then IR is$nitely generated projective and a generator of the category 
of right R-modules. 
Now we show the center C of a right almost hereditary ring is an x0-Krull 
p.p. ring. 
THEOREM 2.3. The center C of a right almost hereditary ring is an x0- 
Krull p.p. ring. 
Proof. Let I be an ideal of C generated by a countably many elements 
{ai} in C. From Theorem 9.2 in [2], it suffices to show that (IR) is projective 
as right R-module (for R is a right p.p. ring). Obviously, the ideal I, of B(R) 
generated by {ei E B(R)/A(a,) = A(e,)} has the same support as (IR). Since 
B(R) is an X,-hereditary ring, Sup (I,,) is a union of countably many of disjoint 
open and closed sets { Ua,, for some ei’ in Spec B(R))[2, Lemma 1.11. Hence 
(IR) E @C (IR) ei’ with Sup (IRe,‘) = Uai, for each i. But Uejr is both 
open and closed for each i, then (IR) e,’ is projective for each i by Theorem 
2.1. Thus (IR) is projective. This completes the proof. 
By the proof of the above theorem, Theorem 1.2 (1) in [7] can be 
generalized. 
THEOREM 2.4. If R is a commutative almost hereditary ring, then it is an 
x,,-hereditary ring. 
Proof. Since R is commutative, R = C, and hence the proof of Theorem 
2.3 can be applied. 
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Noting that if C is a commutative p.p. ring, C/XC is an integral domain for 
each x in Spec B(R). Thus {XC/ x in Spec B(R)} = the set of all minimal 
prime ideals (Corollary 1.2). Now we show the converse statement of 
Theorem 2.4. 
THEOREM 2.5. If C is a commutative x,-hereditary ring then C is an almost 
hereditary ring. 
Proof. Since C is an x,,-hereditary ring, {XC/X in Spec B(R)} = the set of 
all minimal prime ideals. Let I be an ideal not contained in any minimal 
prime ideal. Then I/xl # 0, for each x in Spec B(A). Hence I contains a 
nonzero-divisor by the same argument as given in the proof of Theorem 2.1. 
Thus I is projective [2, Corollary 4.51. 
3. SEMIHEREDITARY RINGS 
We shall show that every right almost hereditary ring is a right semi- 
hereditary ring. This extends Theorem 1.2 (1) in [7] to a noncommutative 
ring. Since every right almost hereditary ring R is a right p.p. ring, for each a 
in R, A(a) = A(e) for an idempotent e in R. Obviously, A(e) = (1 - e)R 
which is a right ideal generated by (1 - e) (in fact, it is also a two sided ideal, 
for R is reduced). Denote (1 - e) by e’ and R is assumed a right almost 
hereditary ring. 
LEMMA 3.1. Let a, ,..., a, be elements in R with A(ai) = A(e,) for an 
integer n. Then A(C a,R) = (e& ... eQR, where {h, ,..., h,J = {l,..., n}. 
Proof. We are going to prove it by mathematical induction on the number 
of generators ai of (C a,R). When the number is 1, the theorem holds by the 
remark; that is, A(aJ = A(eJ = (1 - e,)R which is equal to ei’R. 
Assume the theorem holds for a right ideal with i generators for an i with 
1 < i < n. We claim that theorem holds for a right ideal with (i + 1) 
generators; that is, A(Clz: ajR) = (ek, .** eLi+,)R, where (K, ,..., Ki+r} = 
u,..., i + l}. Since 
(c 1 aP (4, ... e&+,) = 1 ajR(e;, ... e&+,) 
and since ajej’ = 0 implies ajRei’ = 0 (for R is reduced), 
(c 1 a3 (4, 
.-* e&+J = 0, 
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and hence (e6 +.- e;$+,)R is contained in A(C a$). Conversely, for an element 
d in A(C a,& Ujd = 0 for each j = l,..., (z’ + l), so d is in 
and so d = (ekp ... e;. ,+,)r by induction assumption and d = eklt for some r, 
t in R, where r and t depend on the permutation (A, ,..., K,+r> of {I ,..., i + l}, 
Hence eild = (ei,>2t = (e;,>t = (eLI **. e;Ci+I)r, which is d. Thus d is in 
( e;lefc, ... e,&+l )R. Therefore A(C ujR) is contained in (e; 1 
proof is then complete. 
*** eki+l)R. The 
The following lemma is more general than the fact aR n A(a) = (0) for 
each a in R (see the proof of Theorem 1.1). 
LEMMA 3.2. Let a, ,..., a, be elements in R. Then 
... e;,)R = {0}, 
where {h, ,..., h,} = {I,..., KZ}. 
Proof. Let Y be an element in the intersection. Then r = C airi for some 
ri in R. Since r is in A(q) for each j = l,..., n, aj(C aiyi) = 0 for each j. 
Noting that R is reduced, we have u~Y~(C airi) = 0 for j = I,..., n and thus 
(C airi)” = 0 by adding the above n equations. This implies C airi = 0. 
Now we have our main theorem in this section. 
THEOREM 3.3. Let a, ,..., a, be elements in R. Then 
(1) the right ideal of R, (Cy=, a,R + (ei, *** e;aR) is projective where 
(4 ,..., 4 is apermutation of a subset of {l,..., n}, and 
(2) R is a right semihereditary ring. 
Proof. To show (l), it is sufficient to show that (Cy=, a,R + (ekl ... eQR) 
is not contained in any minimal prime ideal of R. From the proof of theorem 
1.1, (a,R + e,‘R) is not contained in any minimal prime ideal for each i. Now 
suppose there is a minimal prime ideal P containing 
a,R + (e;, a-* e;,)R . 
Since P is a minimal prime ideal, it is a completely prime ideal. Hence 
(4, ..- ek,) E P implies that at least one factor of (eLl .** eQ is in P, say 
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eL* E P. But then P contains (a,!R + e&R). This is impossible. Therefore 
(C a$ + (dl a*. eh,)R) is projective. 
For (2), when (k, ,..., &} = {l,..., n}, 
3.. e;,)R = (0) 
by the lemma. Hence (C aiR) + (ekl .** e;,)R is a direct sum. Thus C aiR 
is projective by (1). 
4. REMARKS 
1. By similar arguments, all results in previous sections hold for left 
(two sided) almost hereditary rings. 
2. Theorem 3.3 shows that every right almost hereditary ring R is a 
semihereditary ring. It is not known whether such an R is an x0-hereditary 
ring although this is the case for a commutative almost hereditary ring 
(Theorem 2.4). However, if such an R satisfies the condition that for each a 
in R there is an e in B(R) such that A(a) = A(e)(see Corollary 1.3 and 1.4) 
then R is an X,,-hereditary ring by the proof of Theorem 2.3. We have the 
following examples of such an R. 
EXAMPLE 1. Let R be a right almost hereditary ring and a biregular ring 
[I]. Since A(a) = A( e ) f or an idempotent e in R and since A(e) = (1 - e)R, 
it is a two sided principal ideal generated by (1 - e). Hence (1 - e)R = ER 
for an E in B(R) by the definition of a biregular ring. Thus A(e) = A( 1 - E), 
where (1 - F) is in B(R). 
EXAMPLE 2. Let R be an Azumaya C-algebra (that is, a central separable 
C-algebra), where C is an almost hereditary ring. Then every ideal I of R is 
of the form I,$2 for an ideal I, of C. Thus, if an ideal I of R is not contained in 
any minimal prime ideal of R then the ideal I,, with I = I,$ is not contained 
in any minimal prime ideal of C. But then by hypothesis, I,, is projective, so 
I,,R(s I&R) is projective over R. Therefore R is a right and left almost 
hereditary ring. 
EXP;MPLE 3. Let R be an Azumaya C-algebra over a von-Neumann 
regular ring C. Since each ideal of C is regular, so is each ideal of R. Thus R 
is a biregular ring [6] and an almost hereditary ring. 
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